Dynamics of quantum field theory can be formulated by functional equations. To develop a com plete functional quantum theory one has to describe the physical information by functional opera tions. One of the most important physical information of elementary particle physics is the S-matrix. To derive a functional expression for this quantity the potential scattering model is studied. A func tional S-matrix is defined and its equivalence with the ordinary S-matrix definition in physical Hilbert space is proven. Also a calculational method for scattering functionals is proposed. In the appendices technical details are discussed.
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In quantum field theory, especially in nonlinear spinor theory of elementary particles *, the dynam i cal behaviour of the physical systems can be de scribed by functionals of field operators in a H eisen berg representation and corresponding functional equations 2~6. Using this representation of quantum dynamics it is suggesting to develop a functional quantum theory where all informations to be ob tainable by conventional quantum theory can be ex pressed in terms of functional operations. A first attempt in this direction has been made by the intro duction of an appropriate scalar product definition for physical state functionals7 -9 . This definition was shown to allow a mapping of the physical H il bert space on to the corresponding functional Hilbert space ',8 . But functional quantum theory, especially for elementary particles, requires more specific in formation than so far has been given. One of the most important quantities of elementary particle physics defined by scalar product expressions is the 5-matrix. Therefore in functional quantum theory of elementary particles one would like to construct a functional representation of the 5-matrix. N atu rally, to realize this program, one may not start with relativistic spinor theory itself. Rather it is very instructive for a first step in this direction to 4 H . R a m p a c h e r , H. S t u m p f , and F. W a g n e r , Fortschr. Phys. 13,385 [1965] .
use an unproblematic completely transparent prob lem like potential scattering for a test investigation. In this case a rigorous proof of the equivalence of the functional and the ordinary 5-matrix definition can be given. This is undertaken in this paper. But, to avoid lengthy deductions, not all steps of the proof are discussed in detail. Rather the investiga tion is confined to the essential points in order to demonstrate what really happens. So the treatment given here has to be improved further. As will be shown in a follow ing paper, the method can be ex tended to nonlinear spinor theory too. The only dif ference between nonrelativistic and relativistic theo ry will turn out to be, that the latter requires more unproven although physically plausible assumptions than the former. In the following h = c= 1 is used and for brevity the mass of the particles is assumed to be 1/2 in the chosen system of units.
Interacting M atter Field
To describe potential scattering by functionals we discuss first the field-theoretic description in or dinary i. e. physical Hilbert space. Assuming a mat ter field operator yj(x, t ) , potential scattering in terms of this field operator is characterized by the Hamiltonian t)yj+(x',t) V ( x -x ' ) y(x',t)yj(x ,t)d x d x '
(1.1) 5 H. P. D ü r r and F .W a g n e r , Nuovo Cim. 46 A, 223 [1966] . 6 E. A. B e r e z i n . The method of second quantization. Aca demic Press, New York -London 1966. 7 H. S t u m p f . Z. Naturforsdi. 24 a. 188 [1969] . 8 H. S o h r . in preparation. 9 R. W e b e r , Thesis, University of Tübingen 1969, in prepa ration.
where 'ip + is the Hermitean conjugate of t/' and V (r) is a sufficient rapidly decreasing potential. Because of the time independence of the matter field inter action H(t) = H (0) for arbitrary t. The commuta tion relation where the cp a are the "wave" functions of the sys tem. Therefore by these assumptions we describe the motion of undressed point particles being the con dition for potential scattering.
For the follow ing it is useful to introduce space like Fourier transforms by yj(r, i) = (2 ti) _5/2 J exp{ -i f r} y (t,t) df (1.6) leading to the commutation relation [ ? ( ( , « ) 
1
( 1.7 )
and to the field equation ( ; di -p) *<*•*>-sr (ir,r, r> v+(r,t)v(r,t)v(r,t) 
1 ' ' ( 1 1 3 j As we shall see later, it is convenient to enclose the an(j whole system in a large but finite box with periodic r boundary conditions. Then the integration over the
10 W. S c h u l e r and H. S t u m p f , Z. Naturforsch. 22a, 1842
(1.14) [1967] . where $ is the abbreviation of fj . . . fm .
S-M atrix Construction
To Therefore we see that we obtain the 5-matrix by funcional scalar-products using the weight function for free fields, which justifies our assumption about © made before. It is essentially this feature which enables ourself to perform scattering calculations by means of functionals not only theoretically but also numerically because © f is explicitly known. Another question is the expliict calculation of scattering functionals themselves from given initial conditions of outgoing resp. ingoing particle states to be scat tered. This question shall be discussed in the next section.
Calculation of Scattering Functionals
In the preceding section we derived the functional representation of the 5-matrix using the exact scat tering functionals. But to complete functional quan tum theory of scattering also a ealculational method for the explicit construction of scattering functio nals is required. This is provided by the method of least squares applied already successfully to BetheSalpeter boundstate and scattering problem s12,13 and proposed for the functional equation in '. To apply this method to functional scattering problems, one has to know the appropriate boundary or initial conditions which have to be satisfied by scattering functionals themselves. To derive them we consider first the scattering states in physical Hilbert space. It is sufficient to consider only two particle scatter ing states. All other cases can be treated on the same pattern. The two particle states read 1 4 ±} (0) ) : = j 9»i±) (r, r2) v>+ (r, 0) </-+ (r2 0) where the weight function Hf aß (t, t) has to be real and symmetric in the variables t and t. Moreover it has to generate a positive symmetric form for the real functions hn(t) out of the space S (the infini tely often differentiable functions which decrease faster at infinity than any power of their argument together with all their derivatives). For the special choice which becomes using (1.8)
Hiß (t , t ) = d ( t -t ) g(t) Daß

GU(t,t')=6(t-i)& ",g(t).
( I .l l a )
Of course (1.9) is valid also in the transformed re presentation ( 2 S -0 ) S t 0 ) ( 1 .12 )
According to ' the reciprocal introduced in (3.10) are defined by SRlp(t,t") Gf ßö(t" t) dt" = da6ö(t-t') (1.13) and from this follow s that R has to be Kß (t, t) = öaß S (t-t) g~x (t).
(1.14)
The translated reciprocals (3 .1 0 ) are given then by
R % (t,t')=R if ( t -# , t ' -» )
( because the evaluation of the integral does not de pend upon the sym bol used for the sources. As one recognizes easily the proof does not depend on the use of a norm expression. Rather one could have used a scalar product equally well. Therefore (3.5) has been proven.
